Quantisation of presymplectic manifolds and 
principal series representations of 
complex-semisimple Lie groups 

Peter Hochs* 
November 2, 2012 



Abstract 

We generalise the 'quantisation commutes with induction' result we 
used earlier in connection with discrete series representations, to a princi- 
ple applicable in more general settings. This requires the use of presym- 
plectic manifolds (manifolds equipped with a closed two-form) instead of 
symplectic ones. Using this principle and Penington and Plymens's proof 
of the Connes-Kasparov conjecture for complex-semisimple Lie groups, 
we prove that quantisation commutes with reduction at the connected 
components of the principal series of a complex-semisimple Lie group. As 
an application, we realise the /^-theory classes associated to these con- 
nected components as quantisations of fibre bundles over the associated 
coadjoint orbits. 
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Introduction 



Let G be Lie group acting on a symplectic manifold (M, uj) in Hamiltonian 
fashion, and let V be an irreducible representation of G associated to (the 
coadjoint orbit through) an element £ £ 0*, the dual of the Lie algebra of G. 
Then the quantisation commutes with reduction principle states that 

R&oQ a (M,u) = Q(Mt,wt), 

where Qg and Q denote geometric quantisation, and the quantum reduction 
map Rq is defined by taking multiplicities of V. Furthermore, (M^,lu^) is the 
Marsden-Weinstein reduction [H] of (M,w) at £, i.e. M ? = with 
$ : M — > q* a momentum map for the action. If M and G are compact, 
this principle has been given explicit meaning, and been proved, by several 
authors [UJ [T51 [TCJ [22] ■ The geometric quantisation of (M, w) is then defined 
as the equivariant index of a Dirac operator p\^ on M, coupled to a line bundle 
L — > M with Chern class [uj]: 

Qg{M,u) = G-index (|&) . (1) 

For M and/or G noncompact, results have been achieved in two directions. 
For compact G and noncompact M, there are results by Paradan jTHJ [THl 120] . 
and by Ma and Zhang [15] . If M and G are both allowed to be noncompact, but 
the orbit space M/G is still compact, Landsman [9 has proposed a definition 
based on the analytic assembly map [vt, used in the Baum-Connes conjecture 

DP: 

Q G (M, uj) = /4 [p L M ] g K (C* {r) (G)). (2) 

Here denotes the if -homology class of the Dirac operator on M, and 

Ko(C? r \(G)) is the if -theory group of the (full or reduced) group G*-algebra of 
G. This definition reduces to (JlJ in the compact case. Results based on this 
definition have been achieved by Landsman, Hochs, Mathai and Zhang [51 [71 ITT]. 

In [7J , we proved a result about reduction at discrete series representations of 
real-semisimple Lie groups, using Landsman's definition of quantisation. This 
result was based on a quantisation commutes with induction principle, which 
allowed us to deduce our result from the compact case. In the present pa- 
per, we apply the same principle to reduction at (families of) principal series 
representations of complex-semisimple Lie groups. This application is based on 
Penington and Plymen's proof of the Connes-Kasparov conjecture [21) . in which 
they give an explicit description of the if -theory of the reduced G* -algebra of 
a complex-semisimple Lie group. 

The key assumption in [7J that made the Hamiltonian induction construction 
used there possible, is that the momentum map of the action in question takes 
values in the strongly elliptic set $j* e C g* of elements with compact stabilisers 
under the coadjoint action. This set is empty for complex-semisimple groups, 
so that we will lose some desirable properties of Hamiltonian induction. The 
most important of these is nondegeneracy of induced symplectic forms. We will 
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therefore consider quantisation of presymplectic manifolds. To us, a presymplec- 
tic manifold is a smooth manifold equipped with a closed two-form. Results on 
presymplectic manifolds and their quantisations have been obtained by Cannas 
da Silva, Karshon and Tolman j^l [5]- Since the presymplectic manifolds we 
consider may be odd-dimensional, the quantisation of these spaces may end up 
in odd if-theory. Then the even if-theory group K (C^(G)) in @ should be 
replaced by Ki(Cfo(G)). 

For representations that are not isolated in the unitary dual of a group, the 
meaning of a multiplicity is less clear. For this reason, we will consider reduction 
at connected components of the principal series of complex-semisimple groups, 
i.e. families of principal series representations, which turns out to be well-defined 
on the level of if -theory. As an application of our result, we show how the K- 
theory class associated to such a family can be obtained as the quantisation 
of a fibre bundle over the associated coadjoint orbit. This coadjoint orbit is 
a symplectic manifold, but the pullback of the symplectic form to the total 
space of this fibre bundle is only presymplectic, and our result on presymplectic 
quantisation applies. 

Statement of the results 

Let G be a complex-semisimple Lie group, with a maximal compact subgroup 
K < G. Let q = t p be a Cartan decomposition at the Lie algebra level. 
Let (iV, u) be a compact, Spin c -prequantisable Hamiltonian if-manifold, with 
momentum map § N : N — s> t*. Form the manifold M := GxkN as the quotient 
of G x N by the free if -action given by k ■ (g, n) = (gk^ 1 , kn), for k G K , g G G 
and n G N. Consider the G-invariant two-form ui on M defined as follows. For 
n G N, v, w € T n N and X, Y G p, we have the tangent vectors Tp(X + v) and 
Tp{Y + w) to M at [e, n], where p : G X N — > M is the quotient map. Then cj 
is defined by the properties that it is G-invariant, and 

Lo [eM {X + v,Y + w) :=v n (v,w)-(* N {n),[X,Y]). 

Furthermore, we will see in Section [TTTI that the if-theory group Kd(C*(G)), 
for d = dim^G/if), is generated by elements [7Ta+ p ], where A runs over the set 
A!j_ of dominant weights for 6, with respect to some maximal torus and a choice 
of positive roots. The class \^x+ P } G Kd(C*(G)) is associated to the connected 
component of the principal series of G corresponding to the parameter A + p. 
Our main result is the following. 

Theorem 0.1 (Quantisation commutes with reduction at families of principal 
series representations). The pair (M, ui) is an equivariantly Spin c -prequantisable 
presymplectic manifold, and the action of G on M is pre-Hamiltonian. The 
Spin c -quantisation of this action decomposes as 

q g (m,u>)= Yl Q(^."e)kA+„]. 
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This is the first result on ^-theoretic quantisation in which an explicit de- 
composition of the quantised space is obtained. 

As an application of Theorem 10. 1[ we obtain an 'orbit method' for the fami- 
lies [7Ta+ p ] of principal series representations of G. Because these are, in a sense, 
bundles of irreducible representations, we will obtain them as quantisations of 
bundles over coadjoint orbits. 

More explicitly, let A = i£ G A!j_ be given. Let O x C g* be the coadjoint 
orbit through £, and let u> x be the standard symplectic form on O x . Consider 
the manifold 

M x :=Gx K {K-t), 

which is constructed as above, for N = K-£, the X-coadjoint orbit of £. Consider 
the map 

tt : M x -> O x (3) 

defined by 

As, k £} = gH, 

and the two- form tt*u x on M . Note that this form is closed since ui x is, so 
that (M x ,tt*uj x ) is a presymplectic manifold. 

Corollary 0.2 (Orbit method for families of principal series representations). 
The action of G on the presymplectic manifold (M , tt*cj ) has the following 
properties. 

1. The map tt defines an equivariant fibre bundle over O x , with fibres diffeo- 
morphic to G^/K^. 

2. The G-action on (M x ,tt*lu x ) is equivariantly Spin c -prequantisable. 

3. The quantisation of this action is the class [tt\+ p ] £ Kd(C*(G)). 

Note that the fibre G^/K^ of the bundle tt is contractible. If A is a regular 
weight, then we have G^ = MA and = M, so that this fibre equals the 
subgroup A < G in an Iwasawa decomposition G — KAN. Then this fibre is 
homeomorphic to ia*, i.e. to the connected component of the principal series of 
G associated to the class [tta+^J . Note that in the case considered in [7] , we had 
G$ = Kg, so that M x is equal to the coadjoint orbit O x . 

Notation 

We will write dx for the dimension of a manifold X. In particular, we will write 
d := d G j K . Where appropriate, these dimensions should be interpreted modulo 
2. 
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1 The principal series and A'-theory 



In [21], Penington and Plymen prove the Connes-Kasparov conjecture for com- 
plex semisimple Lie groups, via a very explicit description of the K -theory of 
the C*-algebra of such groups in terms of their principal series representations. 
We briefly recall the parts of their work we will use. For details and proofs, we 
refer to [3T], and references therein. 

1.1 The K-theory of C*(G) 

Let G be a complex semisimple Lie group. Let G = KAN be an Iwasawa 
decomposition, with g = {0a©nat the Lie algebra level. Then M := Zk(o) is 
a Cartan subgroup of K, with Lie algebra m, and MA is a Cartan subgroup of 
G. Fix a set of positive roots R + for (g,m©a), and let A^j_ be the corresponding 
set of dominant weights for (l,m). Consider the Weyl group 

W := N K {M)/M. 

For A e A5_, let W\ be the stabiliser of A in W . The the principal series 
representations of G are parametrised by the set 

G PS = |J E X , (4) 
xeAl 

where 

E x := {A} x ia*/W x 

is a connected component of G ps . (Here the action of W on ia* is defined via 
the isomorphism a = im.) 

The reduced group C*-algebra C*(G) of G can be described very explicitly 
in terms of principal series representations. There is a bundle of Hilbert spaces 

H = CHx)xeA' + ~^ G psi 

the fibres of which only depend on the discrete parameter A. That is, the fibre 
is constant on every connected component Ex of G ps . Now C*(G) is isomorphic 
to the continuous sections, vanishing at infinity, of the bundle /C(W) — > G ps of 
compact operators on the fibres of T~L. Since the fibres of H only depend on A, 
we obtain 

K,(C* r {G))-K*{G ps ), (5) 

the topological if -theory of G ps . 

To compute K*(G ps ), we distinguish two kinds of A: 

1. A regular, i.e. Wx — {e}. 

2. A singular, i.e. Wx ^ {e}. 
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The set of regular elements of is exactly equal to A+ +p, with p half the sum 
of the positive roots of G. In the decomposition ((4]) , a connected component E\ 
equals {A} x ia* if A is regular, and is homeomorphic to a closed half space in 
ia* if A is singular. Therefore, one has 

for singular A, whereas for regular A, we get 



Z if j = d: 
otherwise. 



Note that dim(o) = d modulo 2, since n is a sum of root spaces of real dimension 
2. 

So explicitly, we have for regular A G A^. 

K d {E x ) =Z - [tt a ], 

where [tt\] G K d (ia*) is the Bott generator. We conclude that 

K d (C;.(G))= Z-[7T A+P ]; 

aga; (6) 

K d+1 (C;(G))=0. 

We will interpret the X-theory class [7Ta+ p ] G K*(C*(G)) as the generator as- 
sociated with the family of principal series representations associated to the 
connected component E\ +p of G ps . As noted in Corollary 10. 2[ the class [7TA+p] 
can be described as the geometric quantisation of a certain fibre bundle over 
the coadjoint orbit through A. 

We define the reduction map at the connected component E\ +p of G ps as 
the multiplicity of [7Ta+ p ]. 

Definition 1.1. For A G Ai_, the reduction map at E\ +p , 



is defined by 



R G +P [ m A'+pkA+ P ] ) 



m\ +p . 



A crucial step in Penington and Plymen's proof of the Connes-Kasparov 
conjecture is the fact that the reduction map R G +P and the usual reduction map 
for the compact group K are directly related to each other via Dirac induction. 



1.2 Dirac induction 

Dirac induction is a map 

D-Indg : R(K) -> K*{C* r {G)), 
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which is defined in terms of Dirac operators p v on G/K, coupled to given 
irreducible representations V of K . For this map to be well-defined, we will 
assume that the representation Ad : K — > SO(p) lifts to Ad : K — > Spin(p). 
It may be necessary to replace G and K by double covers for this lift to exist, 
although Penington and Plymen describe how to handle the case where a lift 
Ad does not exist in Section 6 of [21]. 

Let Ad be the standard representation of Spin(d). Dirac induction is defined 

by 

D-Indf [F] := [(C*(G) ® A d ® V) K ,b(fi v 

G KK*(C, C* r (G)) £ K*(C*(G)), (7) 
where, for an orthonormal basis {Xj} of p, 

d 

P V :=^X,-<g>c(Xj)<g>l y (8) 

3=1 

is the Spin-Dirac operator on G/K, and b : R — ^ R is a normalising function, 
e.g. b(x) = —p==. Here in the first factor, Xj is viewed as a vector field on G, 
and in the second factor, c denotes the Clifford action. 

If P is even-dimensional, then splits into two irreducibles: A^ — Aj © 
A^ . The Dirac operator ([8j is odd with respect to the induced grading on £ y . 
Therefore, Dirac induction takes values in KKd(C, C*{G)). 

The Connes-Kasparov conjecture states that that the Dirac induction map 
is an isomorphism of abelian groups. This was proved for complex-semisimple 
Lie groups G by Penington and Plymen in [5T] . In [53] , Wassermann proves the 
Connes-Kasparov conjecture for linear reductive groups. 

The reduction map for K at a dominant weight A G A!J_, 

R X K : R{K) -+ Z, 

with R{K) the representation ring of K, is defined by taking the multiplicity of 
the irreducible ^-representation V\ with highest weight A: 

R X k([V}) ■= [V:V X ], 

for any finite-dimensional representation V of K. The key step in Penington 
and Plymen's proof of the Connes-Kasparov conjecture is the following relation 
between the reduction maps for G and K, and the Dirac induction map. 

Proposition 1.2. The following diagram commutes for every A G A^: 

k,(c;(g)) 
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This result is proved in Section 5 of [21] ■ It will allow us to deduce Theorem 
10.11 from the compact case, by using the notion of pre-Hamiltonian induction, 
which will be introduced in the next section. 

2 Pre-Hamiltonian induction and quantisation 

In this section, we consider any connected Lie group G with a maximal compact 
subgroup K < G, and an Ad(if )-invariant subspace p C Q such that Q = t © p. 
We will of course later apply this to complex semisimple groups G. We equip 
q with any Ad(if)-invariant inner product with respect to which t _L p. As 
in Subsection 11.21 we assume that the representation Ad : K — > SO(p) lifts to 
Ad : K — > Spin(p), so that G/K is a Spin manifold. 

2.1 Pre-Hamiltonian induction 

In [7], the notion of Hamiltonian induction was introduced, which assigns a 
Hamiltonian G-manifold M = G x x N with an equivariant prequantisation to 
a prequantiscd Hamiltonian -ftf-manifold N. There is an inverse construction 
called Hamiltonian cross-section. A crucial assumption in [7J was that the mo- 
mentum map $ M : M — > q* takes values in the strongly elliptic set g* e , i.e. the 
set of elements of g* with compact stabilisers under the coadjoint action. We 
will apply this construction to complex semisimple groups G, for which g* c is 
empty. Therefore, we drop the assumption that $ M (M) C g* e . This has two 
main consequences for the Hamiltonian induction process: 

• the two-form on M induced by the symplectic form on N may be degen- 
erate; 

• Hamiltonian cross-sections are no longer well-defined (specifically, the sub- 
sets N C M taken in this process may not be smooth submanifolds). 

Because of the latter point, we will not be able to use Hamiltonian cross-sections. 
The first point means we will have to deal with presymplectic manifolds. There 
are different variations of the definition of presymplectic manifolds (sometimes 
the rank of the two- form considered is assumed to be constant). We will simply 
consider manifolds with closed two-forms on them. 

Definition 2.1. A presymplectic form on a smooth manifold M is a closed 
two-form u) 6 fi 2 (M). 

Note that in the more general case we now consider, without reference to 
the strongly elliptic set, the manifold G/K may be odd-dimensional. For a 
Hamiltonian if-manifold N, the induced manifold M = G Xk N is then odd- 
dimensional, so that it can never be symplectic. 

The definition of a momentum map for an action by a Lie group on a presym- 
plectic manifold is completely analogous to the symplectic case. If such a map 
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exists, we call the action pre-Hamiltonian. A prcquantisation of a presymplec- 
tic manifold (M, ui) is also denned as in the symplectic case. In particular, we 
will use Spin c -prequantisation, which involves a line bundle L 2uJ — > M with a 
connection whose curvature is 27ri ■ 2uj, and a Spin c -structureQ P M — > M with 
determinant line bundle L 2uj . 

In the presymplectic setting, we will call the process analogous to Hamilto- 
nian induction pre-Hamiltonian induction. It is defined completely analogous to 
Hamiltonian induction, as described in Sections 2 and 3 of [7J. We will briefly 
review the constructions here. 

For any Lie group ff, let pHamPS(ff) be the set of pre-Hamiltonian fr- 
actions with equivariant Spin c -prequantisations and Spin c -structures, which 
consists of classes of septuples 

(M, uj, <§> M , L 2uj , (— , -) L 2^ , V M , P M ), 

where 

• (M, uj) is a presymplectic manifold, equipped with an ff-action that pre- 
serves u>; 

• 3> M : M — > f)* is a momentum map for this action; 

• [L 2u , (— , — ) L 2u> , V M ) is an ff -equivariant Spin c -prequantisation of (M, uj); 

• P M — > M defines an ff -equivariant Spin c -structure on M, with determi- 
nant line bundle i 2 ", such that M is complete in the Riemannian metric 
induced by P M . 

Two of such septuples are identified if there is an equivariant diffeomorphism 
between the manifolds in question, which relates the presymplectic forms, mo- 
mentum maps, line bundles and metrics on them via pullback0 
We will also use the sets 

• CpHamPS (ff), for which it is in addition assumed that the orbit space 
M/H is compact; 

• CHamPS (ff), for which orbit spaces should be compact, and uj should be 
an actual symplectic form; and 

• ECpHamPS(ff ), consisting of all classes in CpHamPS(ff) for which M is 
even-dimensional. 

1 We will slightly abuse terminology, by using the term Spin c -structure on a manifold X 
for a principal Spin c -bundlc P — > X such that P Xspin a (d x ) R dx — TX, without explicitly 
referring to this isomorphism. 

2 We do not explicitly require that such a diffeomorphism relates the connections and Spin c - 
structures of two such septuples to each other. All that is needed for the purposes of geometric 
quantisation is that it relates the curvatures of connections, and the determinant line bundles 
of Spin c -structures, and this follows from the other properties. 
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Definition 2.2. Pre-Hamiltonian induction is the marjfl 

pH-Indg : pHamPS^) -4 pHamPS(G), 

given by 

pH-Indg [N, v, L 2v , (-, -) L , V , V N , P N ] = 

[M lW) § M ,I 2u ,(-> 1 V* 1 P M ], (9) 

as defined below. 

• The manifold M = G x K N is the quotient of G x iV by the if -action 
defined by k(g, n) = (gk' 1 , kn), for k S if , g G G and n e iV. 

• The G-invariant two- form u> € £l 2 (M) is defined by 

u M (v + X,w + Y) = v n (v,w) - ($ N (n),[X,Y}), (10) 

for n £ N, v,w € T n N and X,Y E p, where we note that Tj en ]M = 
T n N®p. 

• The momentum map $ M : M — > g* is defined by 

$ M ([ 5 ,n]) = Ad*( 5 )$ JV (n), 

for g E G and n E N . 

• The line bundle L 2cJ equals G Xk L 2u — > M. 

• The Hermitian metric (— , — ) i 2u on i 2tJ is given by 

([9,l],l9',l']) L2 „ = (hl')L^, 

for 5 , g' E G, n e N and Z, Z' e L 2 ^ . 

The definitions of the connection V M on L 2w and the Spin c -structure P M on 
M are a little more involved, and we refer to Section 3 of [7] for details. 

We then have the following result, which can be proved completely analo- 
gously to Sections 2 and 3 in [7] , omitting the assumption that momentum maps 
take values in strongly elliptic sets. 

Theorem 2.3 (prc-Hamiltonian induction) . Pre-Hamiltonian induction is well- 
defined, in the sense that (M, w) is a presymplectic manifold, <£> M is a momen- 
tum map, (L 2u , (— , — )l2u , V M ) is a G-equivariant prequantisation of (M,u>), 
and P M — > M defines a G-equivariant Spin c -structure on M, with determinant 
line bundle L 2uJ . 

3 The author wishes to point out that the occurrence of his initials in the symbol for the 
pre-Hamiltonian induction map is purely coincidental. 
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2.2 Quantisation commutes with induction 

As in [HI El IH], we define geometric quantisation as the analytic assembly map 
used in the Baum-Connes conjecture [T] applied to the classes defined by Dirac 
operators in K- homology [S]- 
Consider two classes 

[N, u, $ N , L 2l/ , (-, -) La „, V N , P N ] G CpHamPS(X); 
[M,u,§ M ,L 2u ,(-,-) L *.,V M ,P M ] G CpHamPS(G). 

Then one has Spin c -Dirac operators [21 H [TU] p^" and p^ on N and M, 
respectively, coupled to the line bundles in question via the given connections. 
These Dirac operators define if-homology classes 



P L N 



P 



M 



e^L(M). 



Definition 2.4. The quantisation maps 

Q K : CpHamPS(X) -> K dN {C*K); 
Q G : CpHamPS(G) -> K dM ((%G), 

are defined by 

Qk [JV, i/, <& N ,L 2 ' J , (-, -) £a „ , V w , P w ] = ^ fp# 
Q G [A/ )W) * M ,(- -) L2 .,V M ,F M ] = M & [|>£ 

where the maps /x^ and /i^ are analytic assembly maps. 

Restricting to even-dimensional manifolds N, and noting that //^ : Kq(N) —> 
Kq(C*K) then equals the usual equivariant index 

JT-index : Kq (N) -> 

we have the following result. 

Theorem 2.5 (Quantisation commutes with pre-Hamiltonian induction). The 

following diagram commutes: 



CpHamPS(G) 



Qg 



K d {C* r {G)) 



pH-IndJ 



D-IndV 



ECpHamPS(if) 



R(K), 



where D-Ind^- is the Dirac induction map 
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The proof of this theorem is completely analogous to the proof of Theorem 
4.5 in [7]. In the proof of that theorem, Corollary 3.13 and Theorem A.l from [6] 
are used. The proofs of these results are given for the even-dimensional, graded 
case, and only the even parts of if-homology and if-theory are used. The facts 
that the Hilbert spaces and modules are graded, and the operators on them are 
odd, are not used specifically, however, so that the arguments carry through to 
the odd case. 

The parity of the dimension d of G/K, and hence of G Xk N, for N even- 
dimensional, mainly comes into play in the following sub-diagram of Diagram 
(28)in[7]: 



t^GxKxK 



GxKXK 

(G x N) K d {C*(G xKxK)) 



(11) 



K£(N) 



R(K). 



Here the class 

Pg,k] e K^ K (G) (12) 

is the class defined by the elliptic operator on the trivial bundle G x A d — > G 
defined by the formula flSJ, for V — C the trivial representation. In [7 , d was 
even, so only even K- homology and if-theory appeared in Diagram ([IIP . In gen- 
eral, taking the Kasparov product with the class (IT2"1) . or its image ^ xK \p G K ] 
under the assembly map, preserves degrees in -fT-homology and _ftT-theory if 
G/K is even-dimensional, and changes degrees between even and odd if it is 
odd-dimensional. This is the only place in the proof of Theorem 12.51 where the 
dimension of G/K, and hence the degree in i^-homology and if -theory plays 
an explicit role. The rest of the proof is the same as the proof of Theorem 4.5 
in0. 



3 Proofs of the results 

We now specialise to the case where G is a complex-semisimple Lie group again. 
We prove Theorem 10. II in Subsection 13. 11 and apply it to prove Corollary 10. 21 in 
Subsection 13.21 

3.1 Quantisation commutes with reduction 

The proof of Theorem 10. II is based on Proposition[OJ which relates Dirac induc- 
tion to reduction on R(K) and on Kd(C*(G)), and the quantisation commutes 
with induction principle, Theorem 12.51 

In addition, we will use the fact that Spin c -quantisation commutes with 
reduction in the compact case (see Theorem 1.1 from [17 ). This result states 
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that the following diagram commutes for every dominant weight A = i£ G A! 



CHamPS(if ) — R(K) (13) 

MWR{ R% 

CHamPS({e}) — z. 



Q 



Here MWR denotes Marsden-Weinstein reduction, including prequantisations 
and Spin c -structures. 

Combining Proposition 11.21 and Theorem 12.51 with Diagram (Q~3|) , we obtain 
the following diagram: 



K d (C;(G)) 



(14) 



D-IndS 



R(K) )r>+> 



CpHamPS(G) 

pH-Indg 

CHamPS(Ar) 

MWR ( 

CHamPS({e}) 



Let (iV, v) be a compact, Spin c -prequantisable Hamiltonian K manifold, and 
let (M = G Xj( N,lS) be the induced pre-Hamiltonian G-manifold as in the 
definition of pre-Hamiltonian induction. By ([6]), there are integers m\ +p , such 
that 

Q G (M,u) = mx+pinx+p] G K d (C*(G)). 




Commutativity of Diagram (jT^J) implies that, for all A = i£ G A 

m x+p = R X +»{Q G {M,u;)) 
= Q(Mt,w 6 ), 

as claimed in Theorem lO.il 



3.2 Orbit method for the principal series 



Fix an element A = i£ G . To prove Corollary 10.21 we apply Theorem 10.11 
to the case where N = K • £ is the X-coadjoint orbit through £. It remains to 
prove the fibre bundle structure of the map it (Lemma l3.1|) , and the fact that the 
pulled-back form ir*u> x is the two-form on M x induced by the symplectic form 
on K ■ £ as in the pre-Hamiltonian induction procedure (Lemma 13. 2p . Corollary 
10.21 then follows, if we note that the symplectic reduction of K ■ £ at an element 
£' = A'/i (for A' G Al), is a point if A = A', and empty otherwise. 

Lemma 3.1. The map i m Q defines a fibre bundle over C A , with fibres 
diffeomorphic to G^/K^. 
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Proof. Fix go £ G, and consider the fibre ir 1 (goO- We first note that 

T~ 1 (flbO = {b7oa.e];oGGJ. (15) 

Indeed, for any g £ G and k £ K, one has [g, k£] = [goa, £] for a := g ~ 1 gk £ . 
Next, consider the map 

T-.n-^gaO^Gs/Kt, 

defined by 

r[goa,^] = [a], 

for a £ G$. This map is well-defined, because if [goa, £] = [goa 1 , £], for a, a' e G^, 
there is a fc <E -Kf such that goa 1 — goak , so [a'] = [a]. Surjectivity of r is 
immediate from (|15p. and injectivity follows directly from the definitions. The 
map r is smooth, and it inverse is induced by a 1— > [ga, £], and hence smooth as 
well. □ 

Lemma 3.2. Let ui be the closed two-form on M A induced from the standard 
symplectic form v on K ■ £ as in (jlOp . TTien u; = ir*ui x . 



Proof. Let 1,1' e t and Y : Y' £ p be given. For k £ K, a tangent vector in 
T [eM] M x has the form F + (X + 1). We compute 

tu [eM] (Y+(X + te),Y' + (X' + t e )) = u H {X + ^x' + t t )-{k- L % Y']) 

= {fce, [X,X'] + [Y,Y']} 
= (fc£, [X + Y,X' + Y']}. 

Here we have used the fact that [X, Y'] and [Y, X'] are in p, and £;£ £ 6* 
annihilates p. 

On the other hand, one has 

T [eM] 7r(Y + (X + %)) = X + Y + % 

(and similarly for X' and Y'), so that 

T*<*a ( y + (* + + + = ( fc ^ + r, + *"]>• 

Therefore, the forms u> and 7r*w A are equal at points of the form [e, fc£], and 
hence on all of M by G-invariance. □ 
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